
 

810 Completions

510.1 Topologies and completions

G topological abelian group

top space G t cont q str GxG G G G
x y is xty K A X

topological space X is called Hausdorff if t
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Iii Gly Hausdorff Hk ally is closed

HE G is closed

Iv G Hausdorff Of closed
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Fact l Kerp n U
U toopen

2 of ing G Hausdorff

Pf R E Kerp in o.o

x o in G

Ke U H U to open
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let G beatop sq with systemofneighborhoodsconsistingofsubgs

G Go G 62
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Fact Gn are both open and
closed In

Pf open v

closed Gn open g Gn open AgeGn

LyftGn open

Gn G 4496
closed

q
inverse system

inverse limits

Any 9 An Any A to

An an e An Onalani an

an bn ant bn

tenmapurely algebraic definitionof completion

G E E G Gn

in particular I Glan doesn't depend on the choice of Gn

Pf H N E G n 20
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En Not Gn u so

One End In On Gone Glan

In E E Glan

Gas e Ker In n
o

In No CGn to so

24,22 0,0
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As A A is called surjective system
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exact sequence of inverse systems

I

YGI a t s t
o A B C o exact

1 a d s d

0 An Bn Cn o exact

homomorphisms

H Os beAn h Bn fan o

not always exact

Png 1 I is left exact ie

o beAn h Bn fan exact

2 If An is a surjective system then

is exact 7



Pf A An da A A fan n Onalane

I An Ker d

o A B C o exact

Idt ya t d
o A B C o exact

o lean Bn Icn Cokerdt

Any An An da surj

Coker da

A fan EA Ko o find an inductively

One kn Any Any

da Coens and
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Cos 10.3 0 G G B G o exact

induced top G tis GnGn

Then o Gt I Gt o exact

af Os Eng f En o exact a

G 10.4 DGn is a subgroup of G

H E E E G Gn

Pf O Gn G Glan to exact

OSGi 6 Glan 0 exact a

Boy EEE

Pf E he Goin Glen G a
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Def G is called complete if G F G

Completion of G is complete

Complete hausdorff

a adic topology

A ring AOA G A Gn an

A St adicapology on A defined by Gn

A is a topological rig ie ring operators are cont

completion I topological ring

A A A Kerp fan

M A module G M Gn D M

to a topology on M defined by Gn

completion.IT topological A module

i.e AxFi A cont
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f arm anfIM e anN

f is continuous

J A I
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810.2 filtrations

M A module

filtration of M

M Mo 2 M 2 Ma 2 Mi submodules

denote by Mn

a filtration if aMn E Mn An

stable a filtration if it is a filtration and

aMn Mnt n so

e g M is a stable a filtration

Lem 10.6 any two stable a filtrations has bounded difference

i e Mn E M 2 Mn stable

I no en se
Mntno E Mn

M n no E Mn

12 Inparticular induce the same top on M a topology



Pf WMA Mi a'M

F no sit A Mn Mn f n no

Mntn ant M E I'M EMn

Man a Mn E a M M'n A
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510.3 graded rings and modules

ring

gradedring A A E Ant
b

satisfying

Am An E Amen min o

Fact DAo E A subring

2 A An ideal of A

1A
module subgroups

graded A module M M É Mn satisfying

AmMn E M men

Fact Mn Aomodule
def

homogeneous element of degree r E ne Mn

Hye M y ÉYn YneMn
homogeneous componentsofy
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homomorphism of graded A module A mod chom

f m N sit f Mn E Nn f neo

Anglo.t A graded ring TFAE

1 A noetherian

ii Ao noetherian A f g Asaf

pf ii i clear Hilbert's basis than1761

i ii Ao EA At Ao noeth

At 0 A fig Fa Rse At St

At FE A Ki WMA hi homog

A Ao a Rs E A

We show An E A inductively

no U assume Any EA

f yeAn y I Airi dy ai n degree

Y E I Al He EA
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A ring not graded 40A

graded ring A E an Act
M A module with a filtration Mn

graded At module ME Mn

Fact A noeth At noeth

Lento A noeth M fg A module Mn a filtration

TF AE

i Mt f g A mod

ii Mn stable

Pf Mn fg Amod On Mr fig Amod

Mnt A'on Mr 0 Earth
f g A mod

Mite Mate e Mt
M ME

ME fg Amod MY stop
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MI Mi for some no

M now arMn trio

Stable

Rogtof ArtinDrees Lemma A noeth 20A M fg Amod

Mn Stable a fil of M

M EM submod M nMn stable a fil ofM

af 2 M nMn E am'naMn E Min Mn a fil

Mn stable M fg A mod

M fg Alt mod At noeth

M nMn stable A

Glo lo usualversion Fk sit IMAM Ian k aka nM Anak

Pf Mn I'M a

Thm another version A noeth 20A M fS M EM submod

anM e anMnm has bounded difference

a topof M induced top by a topof M
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Boyt Exactnessof adic completions A noeth 90A

M f g A mod O H M M s o exact Then

o MT A MT o exact

a adic completions

Pf Co11 10.31

M us two A module

M A M relation

natural A hom

M M mis m m

and
A M AAA AAM FM

91,92 M I arm arm

prop10.13 A ring M fig

D AA M M

ai A noeth AAM FM18



Pf o N Ahs M o exact

AXON AEF ADAM O

Wen E I am
o I I I I 0 10.3

Tesurj pm sung g sup 9 inj a

Prog 10.14 A noeth AoA A flat A aly

Pf 110.12 10.13 t chapter 2 A

Pink MAM is NOT exact for nonfig modules

two functor Coincide on fig modules

Boyd elementary parties of F A noeth 20A

i I A a A AA

it at a

ii an ant Infant
in I e Rad I Jacobson radical
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pf D A noeth a fg É Aga I
Iad

Ii At Ian Aa an
Iii in A In Alan

FE Man KerEnt E KerOn

A Int Es A ant
s

In Int

s

an any

iv tr e I l a It sets't eh Fred
1 Is Rad A

Rogtof Am noethtlocal I m adic completion

A m local

Pf Alm E Alm M maximal

ME Rad A In uniquemaximalideal a

ENGINE 31
Thm10.17 Krull's thm A noeth a ideal M fg

Ker MSM REM Hd Ro forsomedeaf
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Pf E Ker MN I a'M

RHS E LHS A MERHS m Lm for some Lea

meth me anM th

ME LHS

LHSE AHS rest topon E trivial GE E

E EM E fg

É F Le a sit 1 2 E 0 A

Pmk D S Ha

10.17 Ker A A Ker A 351A

SA GA ing

2 Krull'sthan false if At noeth

A ring of E functions on R

A FEA flo 09 0 A

Ker AA I an feal o fro fico
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feker A 35A Hd f o

f o insomeeighborhood of o

e É e Kena A Ker Assa

Krull's fails for A

Cos 10.18 A noeth domain atA Then

Man 0

pf Ita contains no zerodivisors a

G 10.19 A noeth HE Rad A M f8 Then

Mann 0

the I topology of M is Hausdorff

Pf 1.91 It d E A a

G 10.20 A m noeth local M fg Then

m topology of M is Hausdorff

22 Inparticular M top of A is Hausdorff



Fact A A f Am Ker AA O

f mprimaryMEgem

G 10.21 A noeth 20A prime Then

Ker A Az A G
q f primary

Pf M f Ker Az A o

GIZA primary

Ker A Az Ti't

Ti n g
q'sAgprimary

A f a

9 2 primary
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810.4 the associated graded ring

A ring art graded ring

G A Gala QIan any 14 A

In ai Tanz well defined

M A module Mn a filtration gradedGla module

GCM Mn Mnt

ya filtration
on min Antu well defined

Png10.22 A noeth 20A Then

i Ga A noeth

Ii Ga A E Galt as graded rings

Iii M f g Mn a filtration

Mn stable G M fg Gla mod
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Pf i a Is Ari alt Ala z
it

an 3 An a anti Ala 22
In

G A Ala Ee Is
GCA noeth

Ii lo 15 iii a any a anti u

iii Stable 7 no sit Mnotr IM no fr o

Gner M GAA Gn m trio

G M generated by ten G M

M fg Minoeth A mod

Gn M noeth Ala mod

Gn M fg Ala mod

G m fg Gla mod

ta A noeth A noeth
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LemI of A Bhom of filtered gs i.e PlaneBn Then

i Glo ing of inj 614 G A 6113

ii Glop surf f sung of A B

pf 0 An Anti A Any Alan o

f Gnlol tone I dn
o BnlBny B Bnt Blin 0

O Ker Gnlol Keroh Kerth

swkeGn10 kGn coked O

inductively

614 ing On ing I Idn inj

onesurj
614 Surj

kerg kerg Revlon surjsyst

o Kerin Alan I Blin o

of sung
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Proglo1 A ring 90A M A mod Mn a filtration

Suppose A a adic complete MHausdorff Then

G M fg G A module M fg A mod

Pf G M fg F system of homogeneous generators
51 Er of G M
assume dyes hi

t ai e Ei E Mn Mnit

A n a filtered A module defined by
Aln 2 2

Aly n Alan 2
Alights

2

I

F E Alfie a filtered A module

4 F M homoof a filteredA modules
e i ta ki

Glp GIF G M chom of G A modules

Construction 610 surj of surj
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F M

att te
F É A

F free 2 550

M Hausdorff ping

Riso

of surj M fg

Mn

Corton A a adic complete Mefig with a filtration sit topHausdorff

GIM noeth GCA mod M noeth A mode

pf t M em
submodule Mi M n tin falsity

G M E 61M fig
GETgmy fg G A module

4 Mi fg

Thmlod A noeth as A A north

Pf A noeth Ga A Gala noeth A noeth A

Corto A noeth Afa penD north

af 24 Rn o ACK An a
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